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We study the effect of spatial modulations in the interlayer hopping of graphene bilayers, such as those
that arise upon shearing or twisting. We show that their single-particle physics, characterized by charge
accumulation and recurrent formation of zero-energy bands as the pattern period L increases, is governed
by a non-Abelian gauge potential arising in the low-energy electronic theory due to the coupling between
layers. We show that such gauge-type couplings give rise to a potential that, for certain discrete values of
L, spatially confines states at zero energy in particular regions of the moire´ patterns. We also draw the
connection between the recurrence of the flat zero-energy bands and the non-Abelian character of the
potential.
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Introduction.—The discovery of graphene, the material
made of a one-atom-thick carbon layer, has provided the
realization of a system where the electrons have conical
valence and conduction bands, therefore behaving as mass-
less Dirac fermions [1–3]. A remarkable feature of gra-
phene is that deformations of its honeycomb lattice may
produce a similar effect to that of gauge potentials in the
low-energy Dirac theory [4]. Recently, it has been shown
that the local in-plane deformations induced by strain can
be mimicked by an effective vector potential, which may
give rise to the analogue of Landau levels in the deformed
graphene sheet [5].
In this Letter, we show that the effect ofmodulations in the
interlayer hopping of graphene bilayers can be represented
in general by a non-Abelian background gauge potential in
the low-energy electronic theory, and that said potential is
responsible for the zero-energy charge density waves and the
dispersionless minibands, predicted by theory and recently
measured [6]. The vector components of the potential take
values in the space of SU(2) matrices, which correspond to
rotations in the Hilbert space of the two layers. This kind of
non-Abelian gaugefields [7] is relatively rare in a condensed-
matter context [8–10], but it is quite relevant in subatomic
physics, being responsible for the interaction betweenmatter
fields. The proton and the neutron, for instance, compose an
isospin SU(2) doublet. It was proposed long ago that an ideal
experiment of scattering of these particles onto a non-
Abelian flux line should lead to the transfer of protons into
neutrons and vice versa [11]. In general, matter fields pick up
a matrix-valued ‘‘phase’’ in their propagation in a non-
Abelian gauge field. Interference of such matrix-valued
phase along two indistinguishable paths (as opposed to the
conventional U(1) phase) leads to an intriguing non-Abelian
generalization of the Aharonov-Bohm effect. In our context,
this would manifest as coherent layer polarization induced
by the interference of two SU(2) phases acquired along the
two paths.
Experimental realizations of non-Abelian gauge poten-
tials have been proposed before in the study of ultracold
atoms [12,13]. Investigations have addressed in particular
the influence of the non-Abelian gauge potentials in the
development of the Landau levels produced by a conven-
tional magnetic field [14,15]. However, the question of
whether pure non-Abelian gauge fields may lead to a
phenomenology similar to the magnetic localization of
Landau states remains open. Our investigation sheds light
on this question, showing that it is possible to develop a
zero-energy level of spatially confined states as a conse-
quence of the non-Abelian gauge potential, provided that
the fermion fields return to the original internal state
around a closed path.
The effective non-Abelian gauge potentials that arise in
the bilayers actually have a genuine applied interest, since
they induce periodic spatial confinement of electronic
states. Indeed, we will see that the one-dimensional (1D)
modulation of the interlayer tunneling leads to the confine-
ment of electronic states into narrow 1D channels. We will
also extend our approach to the description of twisted
bilayers [16–24], where the non-Abelian gauge potential
turns out to confine low-energy electrons into a triangular
array of quantum dots. The problem of confinement of
electronic states has particular relevance, given that scalar
potential barriers are not effective to constrain the propa-
gation of the electrons in graphene [25], which makes the
non-Abelian gauge potentials proposed in this Letter an
interesting alternative to the confinement and manipulation
of electronic states in graphene devices.
Model.—The simplest realizations of a non-Abelian
gauge potential are found by means of a modulated mis-
match in the relative position of the two lattices of a
bilayer, obtained either by applying strain or shear in one
of the layers or by relative rotation between the two layers.
In both instances, the resulting mismatch produces char-
acteristic moire´ patterns, see Fig. 1, which reflect the
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spatial alternation between AA0-type stacking (perfect
alignment of the atoms in the two layers) and AB0-type,
BA0-type (Bernal) stacking, where Að0Þ and Bð0Þ correspond
to the two sublattices of the lower (upper) lattice.
At energies " & 1 eV, the moire´ electron system is
described by Dirac fermions on each layer, coupled by a
position-dependent interlayer hopping amplitude. The
Hamiltonian takes the form [16,26,27]
H ¼ vF
0 yþ VAA0 ðrÞ VAB0 ðrÞ
þ 0 VBA0 ðrÞ VAA0 ðrÞ
V?AA0 ðrÞ V?BA0 ðrÞ 0 y
V?AB0 ðrÞ V?AA0 ðrÞ  0
0
BBB@
1
CCCA; (1)
where   i@x þ @y  ð ~Ax þ i ~AyÞ. The spatially
modulated interlayer coupling functions V arise from the
moire´ pattern formation, and the intralayer Abelian gauge
field ~A describes the strains in each layer. These strains
lead to constant gauge fields in our case, ~A ¼ K=2. Note
that, as discussed later, this model also describes twisted
bilayers, in which the interlayer Dirac cone shiftK arises
due to the relative twist between layers, not strains. Since
~A is uniform, we can gauge it away by a transformation
U ¼ exp½ði=2Þ3K  r, where 3 is a Pauli matrix that
operates on the layer index. This transforms consequently
the interlayer couplings into ~VijðrÞ ¼ VijðrÞeiKr.
Low-energy theory of sheared bilayers.—We consider
first the instance in which shear uxy is applied along the
AB bonds of a given layer section (y direction). Then a 1D
moire´ pattern is produced in the orthogonal x direction,
smoothly alternating between AA0, BA0, and AB0 stacking
as shown inFig. 1(a). The corresponding hopping amplitudes
are related by ~VAA0 ðxÞ ¼ ~VBA0 ðx L=3Þ ¼ ~VAB0 ðxþ L=3Þ,
where ~VAA0 ðxÞ  ðw=vFÞ½1þ 2 cosð2x=LÞ using a
single-harmonic approximation [16] (the interlayer
coupling isw  t?=3  0:11eV, where t? is the interlayer
hopping).
To assist in interpreting the role of the different interlayer
couplings, we define the functions AxðxÞ¼½ ~VAB0 ðxÞþ
~VBA0 ðxÞ=2 and AyðxÞ¼½ ~VAB0 ðxÞ ~VBA0 ðxÞ=2. Then
~VAB0 ¼ Ax þ Ay, ~VBA0 ¼ Ax  Ay, and it becomes
clear that Ax, Ay act as off-diagonal vector potentials.
Taking Pauli matrices  in the AB pseudospin space and
 in the space of the two layers, we may recast Eq. (1) into
H ¼ vF  ði@ A^Þ þ vF ~VAA01; (2)
where we have introduced the gauge potential A^ ¼
ðAx1; Ay2Þ, which induces a precession of the layer index
as an electron moves in real space. This A^ is non-Abelian,
since ½A^ðrÞ; A^ðr0Þ  0 in general (see also Ref. [28]). This
formulation highlights the different nature of the ~VAA0 cou-
pling, which acts rather like a scalar potential (proportional
to the unit matrix 0).
This electron system has the characteristic property of
developing flat bands of spatially confined states at large L,
whose formation is fully controlled by the effect of the
gauge potential A^. Computing the energy levels of the
Hamiltonian (2), one observes that at large L the system
develops two increasingly narrow subbands around zero
energy of states confined between AB0 and BA0 regions
(see Fig. 2). Their energy, for any given momentum kx and
jkyj & 3w=vF, oscillates toward zero, crossing it periodi-
cally as L increases (e.g., wheneverwL=2vF is an integer
if ky ¼ 0, see inset on the right panel of Fig. 2).
Additionally, a second pair of flat bands appear at a finite
energy, corresponding to states confined around AA0. All
these bands become AA0 confined and linearly dispersive in
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FIG. 1 (color online). Moire´ patterns of (a) top, sheared bilayer
(showing the alternation between AA0, AB0, and BA0 stackings,
and (b) the twisted bilayer, where the hexagonal supercell and
the different types of stacking have been marked. (a) Bottom,
shows the effective potential VeffðxÞ arising from the non-
Abelian gauge potential A^, together with a typical zero-energy
state confined between the AB0 and BA0 regions, and a finite
energy state concentrated around AA0.
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FIG. 2. Left: Dispersion of the low-energy eigenstates of the
Hamiltonian (2) as a function of ky, for kx ¼ 0 and L 3700a,
where a is the C-C distance. Note the zero-energy band
(confined between AB0 and BA0) and its satellite flat band
(confined around AA0). The inset covers a larger energy range.
Right: Low-energy levels of the sheared bilayer as a function of
the period L for kx ¼ ky ¼ 0. Note the two types of states,
AA0 confined, which scales as " 1= ﬃﬃﬃLp (all but the first, which
scales as 1=L; see inset), and the AB0  BA0 states, which cross
zero energy when wL=vF ¼ 2n for integer n.
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ky for jkyj * 3w=vF, although they remain nondispersive
in the x direction. These features are strongly reminiscent
of the Landau-level to snake-state transition in carbon
nanotubes of large radius in a real perpendicular magnetic
field [29], which also have an effectively modulated mag-
netic flux.
This confinement phenomenology may be understood
from the effect of a confining potential created purely by
the gauge field A^. The equation for the eigenstates of H
can be expressed after squaring the Hamiltonian (and dis-
regarding for simplicity the scalar potential at this point) as
ð@2þi@A^þ2iA^@þA2xþA2yzF^xyÞ¼ð"=vFÞ2;
(3)
where the field strength is conventionally defined in terms
of the matrix-valued potential A^ as F^ ¼ @A^ 
@A^  i½A^; A^. Given the invariance of H under the
combined operation of charge conjugation and parity,
the eigenstates can be chosen in the form ðrÞ ¼
½?1 ðrÞ; 1ðrÞ; ?2 ðrÞ; 2ðrÞ, for some 1;2. In the
limit of zero transverse momentum ky, the combinations
ðrÞ  1ðrÞ ?2 ðrÞ decouple, and the above equa-
tion translates, at large L, into
 v2F00ðxÞ ¼ VeffðxÞðxÞ þO

vF
wL

; (4)
with VeffðxÞ  ð"þ Ax þ AyÞð"þ Ax  AyÞ [30].
This is the wave equation of a scalar mode with eigenvalue
E ¼ 0 under the influence of an "-dependent confining
potential VeffðxÞ, sketched in Fig. 1. " ¼ 0 eigenstates
centered around AB0 and BA0 regions will arise whenever
a level of such potential crosses E ¼ 0. Such states will be
peaked exactly at AB0 and BA0, since the well has E ¼ 0
turning points at said regions. Moreover, a discrete set of
E ¼ 0 eigenstates centered around the AA0 local minimum
will arise at energy " 1= ﬃﬃﬃLp . These two types of states
are apparent in the numerical band structure plotted on the
right panel of Fig. 2.
The above analysis in terms of Veff relies crucially on the
non-Abelian character of the gauge potential, ½A^x; A^y  0.
Without this property, the recurrence of zero-energy states
as L increases would not appear. This may be appreciated
from an alternative point of view. In order for a (normal-
izable) zero-energy state to exist, the operator W"¼0 relat-
ing the wave function at x ¼ 0 and x ¼ L,
½1ðLÞ; 2ðLÞ ¼ W"¼0½1ð0Þ; 2ð0Þ, must have at least
one eigenvalue of modulus one. Since at zero energy
Eq. (2) leads to
 i@x 12
 
¼ ðiky þ Ax1  iAy2Þ 12
 
;
we have for ky ¼ 0
W"¼0 ¼ Pexp

i
Z L
0
dx½AxðxÞ1  iAyðxÞ2

where ‘‘Pexp’’ denotes the path-ordered product of expo-
nentials of differential line elements [31]. One can check
that this operator becomes unitary when wL=vF ¼ 2n
for integer n. This is the condition for the existence of
normalizable zero-energy modes, in agreement with the
numerical results.
Low energy description of twisted bilayers.—At energies
below 1 eV, a twisted bilayer may be accurately modeled
by Hamiltonian (1), where the shift K in the relative
position of the Dirac points in each layer comes as a
consequence of the rotation by the twist angle . If we
take the original position of the K points as K ¼
ð4=3a0; 0Þ, the shift in each layer is given by K=2 ¼
ð0;K sinð=2ÞÞ. On the other hand,  also fixes the size of
the moire´ pattern unit cell, which grows as  decreases.
More precisely, the Bravais superlattice formed by
the moire´ pattern has primitive vectors L ¼
Lð ﬃﬃﬃ3p =2;1=2Þ, where L ¼ a0=½2 sinð=2Þ. This
periodicity becomes exact on an atomic level when the
rotation is commensurate and minimal, such that L ¼ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
1þ 3nþ 3n2p a0 for some integer n > 0 [16].
The interlayer coupling may be written in terms of a
single periodic profile VðrÞ ¼ VðrþLþÞ ¼ VðrþLÞ,
in such a way that if we fix VAA0 ðrÞ ¼ VðrÞ, then VAB0 ðrÞ ¼
V½rþ ðLþ þLÞ=3 and VBA0 ðrÞ ¼ V½r ðLþ þ
LÞ=3. A common procedure is to assume that the inter-
layer hopping is dominated by processes with momentum-
transfer Q0 ¼ 0 or equal to the reciprocal vectors
Q1;2 ¼ ð2=
ﬃﬃﬃ
3
p
; 2Þ=L [16,20], so that VðrÞ ¼
ðw=vFÞ
P
j expðiQj  rÞ. Coupling V is complex in this
case; however, we can still carry out the procedure of the
preceding section by defining A1x ¼ ReðVAB0 þ VBA0 Þ=2,
A2x ¼ ImðVAB0 þ VBA0 Þ=2, A1y ¼ ImðVAB0  VBA0 Þ=2 and
A2y ¼ ReðVAB0  VBA0 Þ=2. We can then write the
Hamiltonian for the twisted bilayer as
H ¼ vF  ði@ 3K=2 A^Þ þ vF^; (5)
with non-Abelian potentials A^ ¼ ðA1x1 þ A2x2; A1y1 þ
A2y2Þ and ^ ¼ ReðVAA0 Þ1  ImðVAA0 Þ2 [32].
The mismatch K of the Fermi points may be removed
by carrying out a gauge transformation on the spinors,
 ¼ exp½ði=2Þ3K  r ~, at the expense of introducing
new potentials ~VijðrÞ ¼ VijðrÞeiKr. We finally get a
modified expansion ~VðrÞ ¼ ðw=vFÞPj expðiqj  rÞ, with a
star of three vectors qj. Note that j ~VðrÞj ¼ jVðrÞj has
conical singularities at the center of AB0=BA0 regions.
Two representative band structures obtained numerically
from the Hamiltonian (5) for different values of  are
plotted in Fig. 3. The first corresponds to an index n ¼
20 and exhibits a lowest subband with vanishing energy at
the two Dirac points originating from the graphene layers.
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As the angle  is decreased, the energy scale of the lowest
subband is significantly lowered, until it becomes remark-
ably flat for values of n around n ¼ 31 (  1	), exhibit-
ing zero Fermi velocity at the K point and a bandwidth that
is more than 100 times smaller than the scale of the next
subband. (Note, however, that this is not a topological zero
mode in the sense of a standard zero Landau level [33],
since the Atiyah-Singer index [34] is zero). Lowering 
further, the lowest subband becomes dispersive once more,
before collapsing again, and so on, showing a recurrent
behavior as a function of the size L of the moire´
pattern [20].
For low values of  (n * 31), the lowest-energy eigen-
states show a strong confinement in the regions with AA0
stacking, as shown in Fig. 3, which is confirmed by atom-
istic tight binding calculations [18]. This confinement is
essentially controlled by the vector potential A^, as the
pattern of confinement remains unmodified when the
scalar potential ^ is ideally switched off in the model.
The eigenstates obey now an equation similar to (3),
but with A2x þ A2y replaced by A21x þ A22x þ A21y þ A22y
and Zeeman coupling to F^xy ¼ @xA1y1 þ @xA2y2 
@yA1x1  @yA2x2 þ 2A1xA2y3  2A2xA1y3. The con-
tributions to the energy square of order w2 can be com-
bined in the form ðA1x  A2yÞ2 þ ðA2x  A1yÞ2. This
function becomes zero only at the center of AA0 stacking
and at the center of either AB0 or BA0 stacking (depending
on the eigenvalues of z and 3). This degeneracy is
broken by the derivative terms in F^xy, which tend to con-
fine at points where the gradients of ~VAB0 and ~VBA0 become
higher. These functions become flatter at the regions of AB0
and BA0 stacking, respectively, and are more steep at the
center of AA0 stacking, explaining the effect exerted by the
vector potential to confine in the latter region.
We note that the first instance at which the lowest
subband becomes flat has a simple interpretation as the
situation where the analogue of the magnetic length lB ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
vFL=w
p
starts to fit in the bilayer supercell of size L. One
can actually check that, at n ¼ 31, the result of computing
the flux integral ’^ ¼ R d2rF^xy leads to values ’^  02,
0½cosð=6Þ1  sinð=6Þ2 and 0½cosð=6Þ1 þ
sinð=6Þ2 for supercells rotated by 2=3 in the twisted
bilayer, with 0 ¼ 2 (in units @ ¼ 1). This corresponds
to the flux quantum rotated in the SU(2) flavor space.
Unlike for that first instance, higher values of n giving
rise to a flat lowest-energy subband do depend on the
strength of the VAA0 coupling [35]. However, the essential
spatial confinement properties of the corresponding
lowest-energy eigenstates do not. They remain confined
around AA0 stacking. They also acquire higher angular
momentum components and become increasingly ring-
shaped for higher values of n (see Fig. 3), as expected
for the excited states of a 2D potential well centered around
AA0 stacking.
Experimental measures of the low-energy electronic
properties of twisted bilayers have been reported in par-
ticular in Ref. [6]. It has been found that, at a certain value
 1	, the renormalized Fermi velocity near the K point
of the twisted bilayer becomes so small that the picture
based on Dirac quasiparticles breaks down. This comes
together with the observation of a clear pattern of spatial
confinement in the local density of states, which adopts the
form of a triangular charge density wave following the
modulation of the moire´ pattern. These features are fully
consistent with the confinement of the low-energy eigen-
states in the regions of AA0 stacking due to the action of the
gauge potential, which provides a strong confinement
mechanism according to the preceding discussion. This
single-particle mechanism will cooperate with the addi-
tional many-body effects that may also contribute to the
modulation of the charge in the system.
Conclusion.—We have shown that the moire´-like modu-
lation of the interlayer hopping in graphene bilayers leads
to a very rich phenomenology, which can be described in
terms of effective non-Abelian gauge potentials in the low-
energy electronic theory. We have shown that any addi-
tional terms arising from the stacking modulation, such as
non-Abelian scalar potentials, do not qualitatively modify
the low-energy electronic structure. In the case of sheared
bilayers with quasi-1D moire´ patterns, the gauge potential
is equivalent to a confining potential that leads to low-
energy charge accumulation along 1D strips. The effect of
the non-Abelian gauge potential in rotationally faulted
bilayers is also the development of a characteristic spatial
pattern of confinement and the formation of dispersionless
bands for discrete value of the moire´ periods. We conclude
these two effects are the characteristic signature of
K M
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FIG. 3 (color online). Left: Low-energy subbands of the
Hamiltonian (5) along the first Brillouin zone of the bilayer
superlattice for n ¼ 20 (dashed lines) and n ¼ 31 (full lines), for
which a zero-energy band develops and the Fermi velocity at the
K point vanishes. Right: Localization pattern (in logarithmic
color scale, white is maximum) around AA0 stacking of wave
functions on the zero-energy band for the first four values of n at
which the Fermi velocity vanishes.
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moire´-induced non-Abelian gauge potentials in graphene
bilayers.
The emergence of these types of gauge fields is generic
to systems of coupled Dirac equations, and the analysis
presented here can be extended to multilayered systems
with SUðNÞ gauge groups. One may also furthermore
envision the possibility of tuning the non-Abelian fields
caused by stacking by applying generic strain fields to
moire´ bilayers. These will give rise not only to Abelian
fields as in monolayers, but also to small modifications of
the stacking non-Abelian fields [36], whose interplay is
known to produce a rich phenomenology [15].
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